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1 Introduction
There are several aspects, definitions or characteristics of Applell polynomi‐
als. Let g,  $\varphi$ two fixed functions. The function  g:\mathbb{C}\rightarrow \mathbb{C} is holomorphic at
0, g(0)=0, g'(0)\neq 0 , and  $\varphi$ : \mathbb{N}\rightarrow \mathbb{C}\backslash \{0\} an arbitrary function. The func‐
tion g(t) is sometimes called delta, implying that there is no constant term.
Let (P_{n}(x))_{n} be a sequence of polynomials. We call (P_{n}(x))_{n} a sequence of
Appell polynomials of type (g,  $\varphi$) , if and only if there exists f : \mathbb{C} \rightarrow \mathbb{C}
holomorphic at 0 such that f(0)\neq 0 and
\displaystyle \sum_{n=0}^{\infty}P_{n}(x)\frac{t^{n}}{ $\varphi$(0)\cdots $\varphi$(n)}=f(t)e^{xg(t)} . (1)
The function f(t) is sometimes called invertible. Then, in general, P_{n}(x) is
sometimes called Sheffer ([16]). The ordinary Appell sequence of polynomials
corresponds to special type
g(t)=t,  $\varphi$(0)=1 and  $\varphi$(n)=n (n\geq 1) .
Therefore, every Appell sequence is a Sheffer sequence, but most Sheffer
sequences are not Appell sequences. There are some well‐known Appell se‐
quences of polynomials. In particular, for the above type, we have Bernoulli
polynomials B_{n}(x) corresponding to f_{B}(t) = \displaystyle \frac{t}{e^{t}-1} , and Euler polynomials
corresponding to f_{E}(t)=\displaystyle \frac{2}{e^{t}+1}.
Hermite polynomials ([8]) and Laguerre polynomials (see e.g. [17]) also
belong to Appell polynomials. However, we do not treat them in this paper,





For a fixed analytic function g , we study the classes of sequences ofAppell
polynomials (P_{n}(x))_{n} in (1) when they satisfy the symmetric relation
P_{n}(a-x)=(-1)^{n}P_{n}(x) (2)
for a real parameter a.
1.1 Known characterizations of Appell polynomials
We review the known results concerning special cases of ordinary Appell
sequences of polynomials, in particular, Bernoulli and Euler polynomials.
According to Bernoulli, Euler, Appell, Hurwitz, Raabe and Lucas, there
are several approaches to study Bernoulli and Euler polynomials. We refer
to Lehmers paper [11] for concise details about the first five approaches.
These approaches can be generalized to any generalized Appell sequences of
polynomials.
(i) Generating functions theory (Bernoulli [3]; Euler [6])
\displaystyle \sum_{n=0}^{\infty}B_{n}(x)\frac{t^{n}}{n!}=\frac{te^{xt}}{e^{t}-1} (|t| <2 $\pi$) . (3)
\displaystyle \sum_{n=0}^{\infty}E_{n}(x)\frac{t^{n}}{n!}=\frac{2e^{xt}}{e^{t}+1} (|t|< $\pi$) . (4)
(ii) Appell sequence theory (Appell [1])
\displaystyle \frac{d}{dx}B_{n}(x)=n\cdot B_{n-1}(x) .
\displaystyle \frac{d}{dx}E_{n}(x)=n\cdot E_{n-1}(x) .
(iii) Umbral Calculus (Lucas [12])
B_{n}(x)=(B+x)^{n}
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(iv) Fourier Series (Hurwitz [9])
B_{n}(x)=\displaystyle \frac{-n!}{(2 $\pi$ i)^{n}}\sum_{0\neq k\in \mathbb{Z}}\frac{e^{2 $\pi$ ikx}}{k^{n}} (0<x<1) .
E_{n}(x)=\displaystyle \frac{2n!}{(2 $\pi$ i)^{n+1}}\sum_{k\in \mathbb{Z}}\frac{e^{2 $\pi$ i(k+\frac{1}{2})x}}{(k+\frac{1}{2})^{n+1}} (0<x<1) .
(v) Raabe multiplication theorem (Raabe [15])
\displaystyle \sum_{k=0}^{m-1}B_{n}(\frac{x+k}{m}) =m^{1-n}B_{n}(x) (\forall m\geq 1, \forall n\in \mathbb{N}) .
\displaystyle \sum_{k=0}^{rn-1}(-1)^{k}E_{n}(\frac{x+k}{m}) =m^{-n}E_{n}(x) (\forall m\geq 1 odd, \mathrm{V}n\in \mathbb{N}).
(vi) Determinantal approach (Costabile et. al ([4, 5])
B_{0}(x)=1,
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Consequently, a determinant expression of Bernoulli numbers B_{n} is
given by
B_{0}=1,
B_{n}=\displaystyle \frac{(-1)^{n}}{(n-1)!}| 00\displaystyle \frac{1}{021}: 00\displaystyle \frac{1}{231}: (_{2}^{3})0\displaystyle \frac{1}{314}: \ldots  n.1(^{n_{2}^{\frac{1}{-n1}}1}-)(_{n-2}^{n-1}) (_{n-2}n)\displaystyle \frac{1}{n+1,(^{n}2)n1:} | (n=1,2, \ldots) .
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\displaystyle \frac{\frac{1}{2.!1:}1}{(n1)!,\frac{-1}{n!}} \displaystyle \frac{1}{}\frac{1}{2!,3!1} \displaystyle \frac{1}{2!}1 |
\displaystyle \frac{}{}\frac{1}{4!\#^{!}} \displaystyle \frac{1}{2!}1
\displaystyle \frac{1:}{(2)!,\frac{n-21}{(2n)!}} \displaystyle \frac{}{}\frac{1:}{(2n-4)!,(2n-2)!1} \displaystyle \frac{1}{}\frac{1}{2!,4!1} \displaystyle \frac{1}{2!}1
Note that E_{2n+1}=0(n=0,1, \ldots) .
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It is immediate to obtain that
\displaystyle \frac{}{}\frac{E_{2}}{\`{E}_{4}^{!},4!} \displaystyle \frac{E_{2}1}{2!}
\displaystyle \frac{E_{2n-2}:}{(2n-2)!} \displaystyle \frac{E_{2n-4}:}{(2n-4)!} . \displaystyle \frac{E_{2}1}{2!} 1
\displaystyle \frac{E_{2n}}{(2n)!} \displaystyle \frac{E_{2n-2}}{(2n-2)!} . . . \displaystyle \frac{E}{4}!4 -E_{4}2!
and
displaystyle \frac{}{}\frac{E_{2}}{\`{E}_{4}^{!},4!} \frac{E_{2}1}{2!}
(-1)^{n}(2n)! \displaystyle \frac{E_{2n-2}:}{(22)!,\frac{E_{2n}n-}{(2 )!}  \frac{}{}\frac{E_{2n-4}:}{(2n-4)!,(2n-2)!E_{2n-2}} \frac{E_{2}1}{\frac {}{}E_{4},4!2!} -E_{4}2!1
(-1)^{n}(n+1)!| \displaystyle \frac{B_{n-1}\frac{B_{1}B_{2}}{2.!}:}{(n-1)!,-B_{\lrcorner}n!^{\mathrm{L}}}
(-1)^{n}(2n)!
Therefore, for n\geq 1
\displaystyle \frac{}{}\frac{B_{n-2}B1:}{(n-2)!,(n-1)!B_{n-1}}1 . \displaystyle \frac{B_{1}B_{2}1}{2!} B_{1}1 |=1
=1.
B_{n}=n!\displaystyle \sum_{t_{1}+2t_{2}+\cdots+nt_{n}=n}\frac{(t_{1}+\cdot.\cdot.\cdot.+t_{n})!}{(t_{1})!(t_{n})!}(\frac{-1}{2!})^{t_{1}} (\displaystyle \frac{-1}{3!})^{t_{2}} . . . (\displaystyle \frac{-1}{(n+1)!})^{t_{n}}
and
E_{2n}=(2n)!\displaystyle \sum_{t_{1}+2t_{2}+\cdots+nt_{n}=n}\frac{(t_{1}+\cdot.\cdot.\cdot.+t_{n})!}{(t_{1})!(t_{n})!}(\frac{-1}{2!})^{t_{1}} (\displaystyle \frac{-1}{4!})^{t_{2}}\cdots(\frac{-1}{(2n)!})^{t_{n}}
(Cf. [10, 13, 14
2 Main results
For this section we consider fixed type (g,  $\varphi$) Appell sequences of polynomials.
2.1 Characterization of Appell sequences polynomials
of type (g,  $\varphi$)
We state our first main result.




V(a) := { (P_{k})_{k} Appell polynomials of sequences (1) |P_{k}(a-x)=(-1)^{k}P_{k}(x) }.
We have
 V(a)\neq\emptyset \Leftrightarrow  g is odd and h is even.
Corollary 1. For a=0 , we have the function h(t)=f(t) . Then  V(0)\neq\emptyset
if and only if  g is odd and f is even.
Theorem 2. Let  a\neq  0 be a real parameter. We have the following char‐
acterization for the set V(a) of Appell sequences of polynomials. We have
 V(a)\neq\emptyset if and only if the functions  g and t\rightarrow(e^{\mathfrak{a}g(t)}-1)f(t) are odd.
2.2 Application to type g(t)=t
In this section, we fix the type g(t) = t and  $\varphi$(0) = 1,  $\varphi$(n) = n (n \geq 1) .
Next, we shall describe the set V(a) explicitly, by truncating the Appell
sequences (1). Denote by
V_{n}(a)= {P\in \mathbb{C}_{n}[x]|\exists(P_{k})_{k}\in V(a) : P=P_{k_{0}} for some k_{0}\in \mathrm{N}}.
Theorem 3. Let n be a positive integer, and  a\neq  0 a real parameter. We
have
V_{n}(a)= Vect(B_{n-2k}(x/a);0\leq k\leq n/2) ,
which is the subspace spanned by \{B_{n-2k}(x/a);0\leq k\leq n/2\} , with dimension
equal to [n/2]+1 . Alternatively, we have
V_{n}(a)= Vect(E_{n-2k}(x/a);0\leq k\leq n/2) .
By symmetric properties of Bernoulli and Euler polynomials, V_{n}(a) con‐
tains Vect (B_{n-2k}(x/a);0\leq k\leq n/2) and Vect (E_{n-2k}(x/a);0\leq k\leq n/2) .
Theorem 4. Let a be a nonzero real parameter, and (P_{n}(x))_{n} be a sequence
of Appell polynomials of type (g,  $\varphi$) such that (2) holds. Let (a_{k})_{k\in \mathbb{N}} be a
sequence of real numbers such that the function F has the following property:






\end{array}\right)a^{n-k}E_{n-k}(\frac{x}{a}) , if F is odd (6)
P_{n}(x)=-2\displaystyle \sum_{kodd}a_{k} \displaystyle \frac{1}{k}\left(\begin{array}{ll}
 & n\\
k & -1
\end{array}\right)a^{n-k+1}B_{n-k+1}(\displaystyle \frac{x}{a}) , ifF is even. (7)
2.3 Fourier expansions for Appell polynomials of type
g(t)=t
For 0<x<1 if n=1 , and  0\leq x\leq  1 if n\geq 2 . It is well‐known that
B_{n}(x)=\displaystyle \frac{-n!}{(2 $\pi$ i)^{n}}\sum_{k\in \mathbb{Z}\backslash \{0\}}\frac{e^{2 $\pi$ ikx}}{k^{n}} . (8)
Concerning Euler polynomials, for 0 < x < 1 if n = 0 , and 0 \leq  x \leq  1 if
 n\geq  1 , we have
E_{n}(x)=\displaystyle \frac{2n!}{(2 $\pi$ i)^{n+1}}\sum_{k\in \mathbb{Z}}\frac{e^{2 $\pi$ i(k-\frac{1}{2})x}}{(k-\frac{1}{2})^{n+1}} . (9)
Theorem 5. Let a be a nonzero real parameter, and (P_{n}(x))_{n} be a sequence
of Appell polynomials of type (g,  $\varphi$) such that (2) holds. Let (a_{k})_{k\in \mathrm{N}} be a
sequence of real numbers such that the function
F:t\displaystyle \rightarrow f(t)-\sum_{k}a_{k}\frac{t^{k}}{k!} is odd or even. (10)
(i) If F odd and 0<x/a<1 (n=0)_{f}\cdot 0\leq x/a\leq 1 (n\geq 1)_{f} then we have
P_{n}(x)=\displaystyle \frac{2a^{n}(n!)}{(2 $\pi$ i)^{n+1}}\sum_{m\in \mathbb{Z}}c_{m}^{-}(a)\frac{e^{2 $\pi$ i(m-\frac{1}{2})x}}{(m-\frac{1}{2})^{n+1}} , (11)
where
c_{m}^{-}(a):=\displaystyle \sum_{keven} \frac{a_{k}}{k!}(\frac{ $\pi$ i}{a})^{k}(2m-1)^{k}
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(ii) If F is even and 0<x/a< 1 (n=1);0\leq x/a\leq  1 (n\geq 2) , then we
have
P_{n}(x)=-\displaystyle \frac{2a^{n}(n!)}{(2 $\pi$ i)^{n+1}}\sum_{m\in \mathbb{Z}}c_{7n}^{+}(a)\frac{e^{2 $\pi$ imx}}{m^{n}} , (12)
where
c_{m}^{+}(a):=\displaystyle \sum_{kodd} \frac{a_{k}}{k!}(\frac{ $\pi$ i}{a})^{k-1}m^{k-1}
3 New results on Bernoulli and Euler poly‐
nomials of higher order
In this section, we give two applications of our results. We obtain new
explicit formulas and Fourier series for Bernoulli and Euler polynomials of
higher order.
3.1 Bernoulli polynomials
We start with two applications. We obtain new characterizations of
Bernoulli and Euler polynomials. Note that for  $\varphi$(0) = 1,  $\varphi$(k) = k and
a_{k}=E_{k}(0) (k\geq 1) , it is well‐known that E_{0}(0)=1 and E_{k}(0)=0 for k\neq 0
even. Then, we obtain
f(t)e^{xt}=\displaystyle \sum_{k\mathrm{e}\mathrm{v}\mathrm{e}\mathrm{n}} E_{k}(0)\frac{t^{k}}{k!}\cdot\frac{2e^{xt}}{e^{t}+1}=\frac{2e^{xt}}{e^{t}+1}
We get P_{n}(x)=E_{n}(x) . It means, in particular, that if the function F :  t\rightarrow
 f(t)-1 is odd and P_{n}(1-x)=(-1)^{n}P_{n}(x) , then P_{n}(x)=E_{n}(x) . Similarly,
one can apply it to Bernoulli polynomials B_{n}(x) .
We have the following general formulation.
Theorem 6 (Bernoulli polynomials by symmetry). Let (P_{n}(x))_{n} be a se‐
quence of Bernoulli polynomials of type (1) such that
P_{n}(1-x)=(-1)^{n}P_{n}(x) . (13)
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Let N be a positive integer. If the function F :  t\rightarrow  f(t)-\displaystyle \sum_{k=0}^{N}B_{k}(0)\frac{t^{k}}{k!} is
even, then we obtain
P_{n}(x)=B_{n}(x) and f(t)=\displaystyle \frac{t}{e^{t}-1} . (14)
3.2 Euler polynomials
Theorem 7 (Euler polynomials by symmetry). Let (P_{n}(x))_{n} be a sequence
of Euler polynomials of type (1) such that (13) holds. Let N be a positive
integer. If the function F:t\displaystyle \rightarrow f(t)-\sum_{k=0}^{N}E_{k}(0)\frac{t^{k}}{k!} is odd, then we obtain
P_{n}(x)=E_{n}(x) and f(t)=\displaystyle \frac{2}{e^{t}+1} . (15)
3.3 Bernoulli polynomials of order r
Let r be a positive integer. The Bernoulli polynomials and numbers of order
r are given by the equations
\displaystyle \sum_{n\geq 0}B_{n}^{(r)}(x)\frac{t^{n}}{n!}= (\frac{t}{e^{t}-1})^{r}e^{xt}
and B_{n}^{(r)}=B_{n}^{(r)}(0) .
The function f(t)= (\displaystyle \frac{t/r}{e^{t/r}-1})^{r}(r\geq 1) satisfy f(t)e^{t}=f(-t) and the function
F(t)=f(t)-\displaystyle \sum_{k\geq 0}r^{-2k-1}B^{(r)} \underline{t^{2k+1}}2k+1(2k+1)!
is an even function. So, we obtain





We have a new formula for the generalized Bernoulli polynomials B_{n}^{(r)}(x)




Thanks to the relations in [2, (1.10) and Corollary 1.8], the coefficients B_{2k+1}^{(r)}
are given by the formula
B_{n}^{(r)}= \left\{\begin{array}{ll}
n[Matrix]\sum_{k=1}^{r}(-1)^{k-1}s(r, k)\frac{B_{n-r+k}}{n-r+k} , & n\geq r\\
\frac{1}{[Matrix]}s(r,r-n) , & 0\leq n\leq r-1
\end{array}\right. (16)
where s(n, l) is the Stirling number of the first kind.
Therefore, we obtain the formulas.
Theorem 8. For n\geq r\geq 2 , we have
B_{n}^{(r)}(x)=-2r^{n-1}\displaystyle \sum_{0\leq k\leq r/2-1}r^{-2k} s(r, r-2k-1)2k+1\displaystyle \frac{\left(\begin{array}{l}
n\\
2k








\end{array}\right)\displaystyle \sum_{j=1}^{r}(-1)^{j-1}s(r,j)\frac{B_{2k+1-r+j}}{2k+1-r+j} (j\geq r/2) .
We give details for r=2 , 3, which give us new explicit formulas for B_{n}^{(2)}(x)
and B_{n}^{(3)}(x) .
Thanks to B_{1}^{(2)}=s(2,1)=-1, B_{2k+1}^{(2)}=-(2k+1)B_{2k} (k\geq 1) , then we have









and then for n\geq 4 we have








3.4 Euler polynomials of order r
Let r be a positive integer. The Euler polynomials and numbers of order r
are given by the equations
\displaystyle \sum_{n\geq 0}E_{n}^{(r)}(x)\frac{t^{n}}{n!}= (\frac{2}{e^{t}+1})^{r}e^{xt}
and E_{n}^{r}=E_{n}^{(r)}(0) .
Let f(t) = (\displaystyle \frac{2}{e^{\mathrm{t}/r}+1})^{r} The function f satisfy f(t)e^{t} = f(-t) and the
function
F(t)=f(t)-\displaystyle \sum_{k\geq 0}r^{-2k}E_{2k}^{(r)}\frac{t^{2k}}{(2k)!}
is an odd function. So, we obtain




Then, we get a new formula for E_{n}^{(r)}(x) :




On the other hand, it is well‐known that the numbers E_{n}^{(r)} can be express
explicitly in terms of Stirling numbers of first kind and Euler numbers E_{k} :=
E_{k}(0) . Precisely, we have
Lemma 1. Let r be a positive integer. We have
E_{n}^{(r)}=\displaystyle \frac{2^{r-1}}{(r-1)!}\sum_{j=0}^{r-1}(-1)^{j}s(r, r-j)E_{n+r-j-1} . (18)
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Hence, we get the result






The relation is obvious for r=1 . For r=2 and n\geq 2 , we obtain




3.5 Fourier expansions for higher Bernoulli and Euler
polynomials
We apply our main results to get Fourier series for Bernoulli and Euler poly‐
nomials of order r . From our Theorem 8 and Theorem 9, we can obtain the
Fourier expansions for the polynomials B_{n}^{(r)}(x) and E_{n}^{(r)}(x) .
Theorem 10 (Fourier expansion). For x\in(0, r) , we have Fourier expansion
for the Euler polynomials of order r\geq 1 given by
E_{n}^{(r)}(x)=\displaystyle \frac{2^{r}}{(r-1)!}\frac{n!}{(2 $\pi$ i)^{n+1}}\sum_{m\in \mathbb{Z}}c_{m}(n, r)\frac{e^{2 $\pi$ i(m-1/2)\frac{x}{r}}}{(m-1/2)^{n+1}} , (21)
where
c_{m}(n, r)=\displaystyle \sum_{0\leq j\leq r-1}(-1)^{j}s(r, r-j)( $\pi$ i)^{2k}(2m-1)^{2k}E_{2k+r-j-1} . (22)
For example,
(i) for r=1 , we have c_{m}(n, 1)=1 for any m\in \mathbb{Z} . We recover the known
result about periodic Euler functions.
(ii) for r=2,
\displaystyle \mathrm{c}_{m}(n, 2)=1/2+\sum_{1\leq k\leq n/2}( $\pi$ i)^{2k}(2m-1)^{2k}E_{2k+1} (n\geq 2) . (23)
21
References
[1] P. E. Appell, Sur une classe de polynômes, Annales décole normale
supérieure, Sér 2, 9 (1880) pp. 119‐144.
[2] A. Bayad and M. Beck, Relations for Bernoulli‐Barnes numbers and
Barnes zeta functions, Int. J. Number Theory 10 (2014), 1321‐1335.
[3] J. Bernoulli, Ars conjectandi, Basel 1713, p. 97. Posthumously published.
Bernoulli died in 1705.
[4] F. Costabile, F. Dellaccio and M. I. Gualtieri, A new approach to
Bernoulli polynomials, Rend. Mat. Ser. VII 26 (2006), 1‐12.
[5] F. A. Costabile and E. Longo, A determinantal approach to Appell poly‐
nomials, J. Comp. Appl. Math. 234 (2010), 1528‐1542.
[6] L. Euler, Methodus generalis summandi progressiones, Comment. acad.
sci. Petrop. 6 (1738), 68‐97.
[7] J. W. L. Glaisher, Expressions for Laplaces coefficients, Bernoullian
and Eulerian numbers etc. as determinants, Messenger (2) 6 (1875),
49‐63.
[8] C. Hermite, Sur un nouveau développement en série de fonctions, C. \mathrm{R}
Acad. Sci. Paris 58 (1864) 93−100; Oeuvres II 293‐303.
[9] A. Hurwitz, Personal communication via George Polya that Hurwitz used
the Fourier series approach to Bernoulli polynomials in his lectures.
[10] T. Komatsu and J. L. Ramirez, Some determinants involving incomplete
Fubini numbers, preprint.
[11] D. H. Lehmer, A new approach to Bernoulli polynomials, Am. Math.
Mon. 95 (1998), 905‐911.
[12] E. Lucas, Théorie des Nombres, Paris 1891, Chapter 14.
[13] M. Merca, A note on the determinant of a Toeplitz‐Hessenberg matrix,
Spec. Matrices 1 (2013), 10‐16.
22
[14] M. Merca, A generalization of the symmetric between complete and ele‐
mentary symmetric functions, Indian J. Pure Appl. Math. 45(1) (2014),
75‐89.
[15] J. L. Raabe, Zurückführung einiger Summen and bestimmten Integrale
auf die Jacob Bernoullische Function, J. Reine. Angrew. Math. 42
(1851), 348‐376.
[16] S. Roman, The Umbral Calculus, Dover, New York, 1984.
[17] N. Sonine, Recherches sur les fonctions cylindriques et le développement
des fonctions continues en séries, Math. Ann. 16 (1880), 1‐80.
School of Mathematics and Statistics
Wuhan University
Wuhan 430072
CHINA
\mathrm{E}‐mail address: komatsu@whu.edu.cn
23
